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Theory and Simulation of the Gyrotron
Traveling Wave Amplifier Operating

at Cyclotron Harmonics

KWO RAY CHU, ADAM T. DROBOT, HAROLD HWALING SZU, and PHILLIP SPRANGLE

Abst*—An analytical expression for the efficiency of the gyrotron

traveling wave ampfifier is derived for the case of nonfundamental

cyclotron harmonic interaction, It scales the efficiency with reaped to the

madea and parametem of operation. This relatioq together with 8 generaf

finear dispersion relatiuq afao derived in the pre9ent paper, gives the

ckacteriatics and optimum operation conditions of the gyrotron traveffng

wave ampfMer.

L lNTRODUCTION

A N INTERESTING electromagnetic radiation

mechanism [ 1]–[3] known as the electron cyclotron

maser has been the subject of intense research activities in

recent years. This mechanism has been the basis for a new

class of microwave devices called gyrotrons capable of

generating microwaves at unprecedented power levels at

millimeter and submillimeter wavelengths. A detailed de-

scription of the cyclotron maser mechanism is given in [4]

and brief summaries of gyrotron theories and experi-

ments, together with lists of references, can be found in

recent review papers [5]–[7].

In the present study, we will concentrate on a particular

type of gyrotrons-the gyrotron traveling wave amplifier
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(gyro-TWA). The cyclotron maser instability and its
wide-band amplification capability was demonstrated ex-

perimentally by Granatstein et al. [8] on an intense relativ-

istic electron beam. The basic physical processes taking

place in a gyro-TWA have been analyzed in recent linear

and nonlinear theories [4], [9]–[ 16]. In the actual operation

of a gyro-TWA, the beam-to-wave energy conversion

efficiency is one of the most important considerations.

References [ 12]–[ 14] contain detailed studies of the satura-

tion mechanisms and calculations of efficiency for the

operation at the fundamental cyclotron harmonic. How-

ever, the scaling of the efficiency with respect to the

various modes and parameters of operation has not been

considered in any detail, nor has the operation at the

nonfundamental cyclotron harmonics. The nonfundamen-

tal harmonic operation is of great importance for the

amplification of submillimeter waves if unrealistically

high magnetic fields (> 100 kG) are to be avoided. In

anticipation of the growing experimental effort aimed at

the generation of submillimeter waves, our main purpose

in the present study is to derive a general analytical

expression for the operating efficiency.

II. DERIVATION OF A GENERAL DISPERSION

RELATION

The typical configuration of a gyro-TWA consists of an

annular electron beam propagating inside a waveguide of
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Fig. 1. Cross-sectionaf view of the gyro-TWA model. The applied
magnetic field (not shown) points toward the reader. The electrons are
monoenergetic and all have the same Larmor radius rL. Guiding
centers of all electrons are uuiforndy distributed on the circle of
constant radius rw

circular cross section of radius rW (Fig. 1). The electrons,

guided by a uniform magnetic field (Boez), move along

helical trajectories. In our model, we assume that the

beam is sufficiently tenuous that its space charge electric

field can be neglected, and the spatial structure of the

vacuum waveguide mode is unaffected by the presence of

the beam. The beam interacts with a single TEm wave-

Wide mode, where m and n are, respectively, the

azimuthal and radial eigenmode numbers. The dynamics

of the electron beam is described by the linearized relativ-

istic Vlasov equation

(aa : )Jl)~+v. —–eo XBoez. —
ax

where f. and ~(i) are the initial and perturbed distribution

functions, respectively, and E(*), B(1J are the wave fields of

the TE~o waveguide mode, i.e.,

B~l) = l$z.ln(amr)Re[exp( imf3 + ikzz – i~t) ]

B(1)= ~zkz(2a~.)-l[Jm- l(a_r)– J~+l(a-r)]r

. Re[ i exp(imd + ikzz – iut) ]

( r)]B$) = – fizkz(zamn)-’ [Jm– l(am.r) +Jm+ 1 %.

. Re[exp(imO + ikzz – iut) ]

@=@@l)/kzc
r

where flz is the amplitude of the wave magnetic field,

%. 3xmn/rw, ‘mn is the nth root of y;(x)= O,J~ is the

Bessel function of order m, and J;(x)= d.l~(x)/dx. Note

that the validity of the linear theory requires B=<< B. and

j(1)~j3. From (1) and the Maxwell equations, we obtain

(tJ2/C2- k’-tx~)~ J (amr)z Zm

(2)

where ~~~) is the perturbed beam current given by

/J!? = – e y1)vo,,d3p. (3)

Multiplying (2) by rJ~(aMr) and integrating over r from O

to rW, we obtain

u’
~–k;–a~=

8nawexp( – ime – ikzz + itit)

cr~K~ $=

.H‘Wdr – rJ~l)Jm+l(amr) + ‘J~’)Jm(am~)
o amn

‘m J(l) J~(aMr)+—
a’ 1 (4)

mn

where

KM =J~(x~.)[ 1 – m2/x~].

Equations (1) through (4) form a complete set of equa-

tions. To solve these equations, one must first specify the

form of the initial electron distribution function in terms

of the constants of motion of the system, namely, the

perpendicular and parallel momenta p* and p=, and the

canonical angular momentum Po. To be consistent with

the experimental configuration that all the electron guid-

ing centers are located on the same cylindrical surface

defined by r= r. (see Fig. 1), we choose f. to be of the

form

~0= Kb(r~ – 2P8/eBO– r;)g(p~,p,) (5)

where 8(x) is the Dirac delta function, r= =p ~ / ello is the

electron Larmor radius, g(p ~ ,pz) is an arbitrary function

of p ~ and p= satisfying jgd3p = 1, and K is a normalization

constant chosen to satisfy jjo2~rdrd3p = N, where ~ is the

number of electrons per unit axial length. To derive the

dispersion relation from these equations, we first solve for

j(l) from (l), then insert j(l) into (3) to calculate Jjl) and

J(l). The final expression for the dispersion relation is then

o’&ained by substituting J$j into (4) and carrying out the

r integration. Considerable algebra is involved in this

integration; however, the procedures are straightforward

and standard. Here we present the result directly,

[

. (o’- k’c’z )A~A~mro,~mnrJ

y3m2c2(ti– kzoz – stdC)2

(u- k.q)QsJamn~,,~mn~J— 1(6)
Y(O – kzvz – s~c)

where

f?C= eBo/ym

Y= [ 1 +(PI +p~)/m2c2]1’2

v=Nr e

r== poe2/4mm =2.8X 10–12 cm
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is the classical electron radius. The functions 11,~ and Q,m we can easily evaluate Au ( = Au, + iAui), with the result

are defined as follows:

~sm(x>Y) = [J... m(x%.(Y)]2]2
‘or=[v::::~ l’” ““i=mAor ‘1’)

Qsm(x>Y) ‘z~.m(v) +Y[~:-m(~)~;(Y)~;(Y) In (11), Ati, gives the frequency width for resonant beam-

+ ;J:-np Ax)JLY)J;- I(Y) – iJ:-m+ I(~)J;(Y)Ji’+ I(Y)] .
wave interaction, and Acoi gives the growth rate.

The dispersion relation in (6) is very general in that the

waveguide mode numbers m, n, and the cyclotron

harmonic numbers are all treated as free parameters. This

will provide the option to analyze all possible interactions

as one searches for the optimum efficiency. Furthermore,

thermal effect is also included in (6). One can investigate

the thermal effect by specifying a momentum space dis-
tribution function g(p ~ ,p=) appropriate for the beam used

and carrying out the pL and p= integrations. For the

present study, however, we will concentrate on an ide-

alized cold electron beam represented by the following

distribution function:

g(PL>Pz) = (2T1)- ‘NP1. –PLO)WZ –Pzo). (7)

Substituting (7) into (6) and carrying out the P1 and P.

integrations, we obtain the dispersion relation for a cold

beam,

6)2 – 4V
—–k:–x&/r;=
C2 yor~%n

“[(02- k~c2)p~oH,m(xmro/rwtxmrLo/rw)

((d- /%=0=0-so=)’

(o– k=o.,)Q,m(xm.r,/rw,xmrm/r~)—
a – kzozo – SQC 1(8)

where

Yo= [ 1+ (PL3+P~o)/m2c2]1’2

/OLO=PLO 70m

’20 ‘~zO/ yOm

DLo=~Lo/c

rLo = ?)40/$2=.
On the right-hand side of (8), the first term is the source

of the instability, while the second term imposes a

threshold beam energy for the instability. For the non-

fundamental harmonics (s> 1), it can be shown that the

threshold energy (typically below 1 kev) is much lower

than the typical beam energy (tens of kilo electron volts);

hence the second term can be neglected. Substituting

@= tio + Aq k= = kzo into (8), where (uo, kzo) is the point at
which the waveguide characteristic curve

III. NUMERICAL SIMULATIONS

The preceding linear analysis has been complemented

by a single-wave numerical simulation code [16] devel-

oped to simulate the amplification of the TEO. mode at an

arbitrary cyclotron harmonic frequency. Fig. 2 shows a

typical efficiency curve as a function of time. It exponen-

tiates at twice the linear growth rate, then exhibits an

oscillatatory behavior after saturation. We add in passing

that such oscillatory behavior has been observed in a

recent experiment [17]. The simulation shows two dif-

ferent but simultaneously present saturation mech-

anisms-depletion of free electron energy and loss of

phase synchronism. The first mechanism dominates when

the beam energy is slightly above threshold. Saturation

occurs as soon as the beam loses a small amount of

energy and the system becomes linearly stable. The sec-

ond mechanism dominates when the beam energy is well

above the threshold. Saturation occurs because an average

electron loses so much energy that its relativistic cyclotron

frequency no longer matches the wave frequency to favor

unstable interactions. As found in [13], both mechanisms

are important for the fundamental cyclotron harmonic

interaction. However, there is a basic difference between

the fundamental and nonfundamental harmonic interac-

tions; namely, for the latter interaction, we find that the

threshold beam energy is typically so low that the energy

depletion saturation mechanism can be disregarded. This

has allowed us to derive below an analytical scaling rela-
tion for the efficiency.

IV. EFFICIENCY SCALING RELATION

For the purpose of efficiency optimization in the multi-

ple parameter space typical of gyro-TWA system, an

analytical scaling relation would be most useful. For gen-

erality, we shall derive the efficiency scaling relation in

the beam reference frame (i.e., the frame in which Uzo= O),

and denote the beam frame quantities with a prime. A

simple Lorentz transformation [14] can be used to convert
the beam frame efficiency into lab frame efficiency. In

order to minimize the possibility of spurious oscillations,

it is advantageous to choose a magnetic field such that (9)

and (10) intersect at only one point (i.e., at a grazing

angle). In the beam frame, this implies

~~= s~c = x~nc/rw. (12)

Henceforth, our analysis will be restricted to this particu-

lar case.
~’- k~c2 —x~c2/r~ = O (9)

In the linear analysis, we have shown that the following
intersects with the beam characteristic curve condition holds at the onset of the instability,

u–kzozo–sS&=O (lo) u; – sfle/ y~ = Au: (13)
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Fig. 2. Simulated efficiency versus time for m= O, n =s = 2, v’= 0.002,
y~=l,l, andrO/rW=0.44.

where f?, = eBo/ m and Au; is a positive quantity given by

(11). As the instability evolves, the average energy of the

electrons decreases, hence the left-hand side of (13) also

decreases. Knowing this tendency and the width for reso-

nant interaction, we expect the following condition to

hold at the saturation state,

a~–sfle/(y; ) = –Ati; (14)

where (y; ) is the average y’ of all the electrons at satura-

tion. This is the physically expected saturation condition

because any further decrease in electron energy would

shift the electron cyclotron frequency out of the range for

resonant beam-wave interaction. Equation (14) was found

to be in good agreement with our extensive simulation

data,

From (12) to (14) and assuming y~ – <y~) <<y& we ob-

tain an approximate estimate for the efficiency q’,

(15)

To compare (15) with the simulation data, we note that

the efficiency does not asymptote to a constant value in
the simulation runs. Rather, it oscillates in the large signal

regime (Fig. 2). Equation (15) is found to be in very good

agreement with the simulation data for nonfundamental

cyclotron harmonics in the sense that it consistently pre-

dicts an efficiency at approximately 75-80 percent of the

simulated peak value. Thus in order to scale the peak

efficiency, we multiply the right hand side of (15) by 1.25.
After substitution of (1 1), (12) for Ac+ and & we obtain

(16)

where H,m, K&, and x~., rO, and rW are all frame indepen-

dent quantities.

Equation (16) shows how q’ scales with the mode num-

bers m, n, s, and the operating parameters v’, y& and rp

Note that ~’ is independent of the waveguide radius rw.
The scaling of q’ with respect to v’ is especially simple;
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Fig. 3. Efficiency versus beam energy for m = O, v’= 0.002, and opti-
mized values of rO(rO/rW= 0.48, 0.44, 0.41, and 0.40 for n =s = 1,2,3,4,
respectively). Solid curves are obtained from (16) and dots are simula-
tion data.

z1/3 This scaling relation is valid to thenamely, q a v .

extent that the tenuous beam assumption made preceding

(1) is valid. In most gyrotron experiments, the beam

power ranges from tens to hundreds of kilowatts and the
tenuous beam assumption is easily justified. For a given

mode of operation, the choice of rO should be such that

HS~ falls on or near its peak value. Scaling of q’ with

respect to m, n, s, and y. is more complicated and can

best be seen through numerical plots of (16). Some exam-

ples are shown in Fig. 3, in which q’ is plotted (solid

curves) against the beam energy (y~) for m = O, v’= 0.002,

s = n = 1, 2, 3, and 4. In each case, the beam position (ro)

has been chosen to maximize H~~; namely, we have

chosen ro/rw = 0.48, 0.44, 0.41, and 0.40 for s = n = 1, 2, 3,

and 4, respectively. For comparison, the numerical simu-

lation data (e.g., the peak efficiency of Fig. 2) were also

shown on the same figure (dots). Equation (16) was de-

rived by neglecting the energy depletion mechanism,

which is important for the fundamental cyclotron

harmonic at low beam energies. This explains the dis-

agreement between (16) and the simulation data in the
case of the fundamental cyclotron harmonic (s= 1). For

this case, only the simulation data on Fig. 3 is relevant,

while the analytic curve was plotted to illustrate the inap-

plicability of (16) to the fundamental cyclotron harmonic

interaction. For the second cyclotron harmonic (s= 2), the

agreement between (16) and the simulation data is gener-

ally good except for the small discrepancy at low beam

energies. This discrepancy is due to the fact that the

energy depletion saturation mechanism still plays a minor

role at low beam energies. For the third and hi@er

cyclotron harmonics, (16) is in excellent agreement with

the simulation data for all beam energies. One observes
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from Fig. 3 that higher cyclotron harmonics generally give

lower efficiency as expected and the behavior of efficiency

as a function of the beam energy is different for different

cyclotron harmonics. Finally, we note that the results

shown in Fig. 3 are obtained for a magnetic field (12)

which maximizes the bandwidth instead of the efficiency.

As shown in [14] and [16], the efficiency can be signifi-

cantly enhanced at the cost of lower (small signal) gain

and bandwidth by slightly lowering the magnetic field.

To convert the beam reference frame quantities in (16)

into the lab frame, we need to specify the beam axial

velocity OZOas observed in the lab frame. Defining

~z=(l_~;)-1/2 (17)

where ~zo= ozO/ c, we can write the conversion formulas as

?J= Y=(Y&– l) T’/(YzY&– 1) (18)

v=yzv’ (19)

Yo= YzY& (20)

PLo=Bio/Yz (21)

g= 8-’7~i/~.o dB/~it length (22)

lb= 1.707 X 104v/3zo A. (23)

As an example, we consider the electron beam used in

Fig. 3 (i.e., y~ = 1.1 and v’= 0.002). We specify that the

beam moves at a velocity VZO= 0.266c in the laboratory

frame, hence yz = 1.037. Applying (18)–(23), we obtain

q = 0.73q’, v =2.07x 10–3, y.= 1,14 (i.e, beam voltage-

70 kv), g= 1.09X 10-9tii dB/cm, and Z~= 9.4 A, where q’

is to be calculated from (16) and Oi (in s– 1, from (8) or

(11) after other parameters (m, n,s, QC,ro,rw, etc.) are also

specified.

To summarize, we presented a general linear dispersion

relation and a concise efficiency scaling relation for the

gyro-TWA. These results represent the first compre-

hensive analytical and simulation studies of the nonfunda-

mental harmonic interactions. The linear dispersion

relation, (6) or (8), is applicable to the fundamental as

well as nonfundamental cyclotron harmonics and can be

used to calculate the small signal gain, the bandwidth, and

the effect due to beam velocity spread, etc. The efficiency

scaling relation (16) gives a fairly accurate estimate of the

efficiency for the nonfundamental cyclotron harmonics.

For application to experiments, the two relations com-

bined provide an analytical basis for assessing the feasibil-

ity of a given experimental goal and for selecting the

optimum mode and parameters to achieve it. Experimen-

tal investigations of the gyro-TWA are being carried out

at the Naval Research Laboratory [17] and Varian

Associates [18]. Preliminary results are found to be in

good agreement with the present theory.
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